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Abstract. Using Serre's adelic interpretation of the cohomology, we 
develop "differential and integral calculus" on an algebraic curve X over 
an algebraically closed constant field k of characteristic zero, define an 
algebraic analogs of additive and multiplicative multi-valued functions 
on X, and prove corresponding generalized residue theorem and A. Weil 
reciprocity law. Using the representation theory of global Heisenberg 
and lattice Lie algebras and the Heisenberg system, we formulate quan- 
tum field theories of additive, charged, and multiplicative bosons on 
an algebraic curve X. We prove that extension of the respected global 
symmetries — Witten's additive and multiplicative Ward identities — 
from the fc-vector space of rational functions on X to the k- vector space 
of additive multi-valued functions, and from the multiplicative group of 
rational functions on X to the group of multiplicative multi- valued func- 
tions on X, defines these theories uniquely. The quantum field theory of 
additive bosons is naturally associated with the algebraic de Rham the- 
orem and the generalized residue theorem, and the quantum field theory 
of multiplicative bosons — with the generalized A. Weil reciprocity law. 



1. Introduction 

Classical theory of compact Riemann surfaces has an algebraic counter- 
part, theory of of algebraic functions in one variable over an arbitrary con- 
stant field, developed by R. Dedekind and H. Weber. Introduction of differ- 
entials into the algebraic theory by E. Artin and H. Hasse, and of ideles and 
adeles by C. Chevalley and A. Weil, open the way for application of infinite- 
dimensional methods to the theory of algebraic curves. Classic examples 
of using such methods are J. -P. Serre adelic interpretation of cohomology 
[Ser88], and J. Tate proof of the general residue theorem [Tat68]. In 1987, 
E. Arbarello, C. de Concini and V. Kac [ADCK89] interpreted Tate's ap- 
proach in terms of central extensions of infinite-dimensional Lie algebras, 
and proved the celebrated A. Weil reciprocity law on algebraic curves by 
using the infinite-wedge representation. 

In 1987 D. Kazhdan [Kaz87] and E. Witten [Wit88a] proposed an adelic 
formulation of the quantum field theory of one-component free fermions 
on an algebraic curve, and in [Wit88b] E. Witten outlined the approach 
toward other quantum field theories. Let X be an algebraic curve over an 
algebraically closed constant field k, and let L be a spin structure on X. 
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Denote by M{L) the infinite-dimensional /c- vector space of meromorphic 
sections of L over X, and by M.p — the completions of M(L) at all points 
P E X. The approach in [Kaz87, Wit88a] can be succinctly summarized as 
follows. 

• The global Clifford algebra Ox on X, a restricted direct product 
over all points P E X of local Clifford algebras Clp, associated with 
the fc-vector spaces M.p by the residue maps Resp (/<?). 

• The adelic Clifford module — global fermion Fock space fix — a re- 
stricted Z/2Z-graded symmetric tensor product of the local Clifford 
modules fip over all P E X. 

• The "expectation value" functional, the linear map ( • ) : fix - > k, 
satisfying 

(1.1) (f-u)=0 for all / E M(L) C Clx, u E fix, 

where the vector space M{L) is embedded diagonally into the global 
Clifford algebra Clx- 

In this pure algebraic formulation of one-component free fermions on an 
algebraic curve, "products of field operators inserted at points P E X v 
are replaced by vectors u = ®p£xup E fix, and the linear map ( • ) is 
a mathematical way of defining "correlation functions of quantum fields", 
which at the physical level of rigor are introduced by Feynman path integral. 
The vector space M. (L) acts on fix by "global symmetries" , and invariance 
of the quantum theory of free fermions with respect to this symmetry is 
expressed by "quantum conservation laws" (1.1), also called the additive 
Ward identities. It is proved in [Wit88a, Wit88b] that if the spin structure 
L has no global holomorphic sections, then the additive Ward identities 
determine the expectation value functional (•) uniquely. Moreover, (1.1) is 
compatible with the global residue theorem 

^sp(fdg) = 0, f,g E M(L). 

p&x 

In [Wit88b], E. Witten developed the rudiments of quantum field theories 
associated with a "current algebra on an algebraic curve" , and mentioned the 
theories associated with a "loop group on an algebraic curve" . Correspond- 
ing global symmetries of these theories are, respectively, rational maps of 
an algebraic curve X into a finite-dimensional semi-simple Lie algebra over 
the field k, and rational maps of X into the corresponding Lie group. In the 
latter case, the analog of quantum conservation laws (1.1) was called "mul- 
tiplicative Ward identities" in [Wit88b]. However, as it was emphasized in 
[Wit88b, Sect. IV], when the genus of X is greater than zero, the Ward iden- 
tities, even in the Lie-algebraic case, do not determine the expectation value 
functional ( • ) uniquely. Thus the main problem of constructing quantum 
field theories on an algebraic curve is to find additional conditions which 
would determine the linear functional ( • ) uniquely. 
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In [TakOO] we announce solution of this problem for the theories in the 
simplest scalar case when the finite-dimensional Lie algebra is the abelian 
Lie algebra k, and the corresponding Lie group is the multiplicative group 
k* = k\ {0}. We call these theories, respectively, quantum field theories of 
additive and multiplicative bosons. The proposed solution in [TakOO] was to 
enlarge the global symmetries by considering algebraic analogs of the vec- 
tor space "multi-valued additive functions on a Riemann surface" — the 
analogs of classical abelian integrals of the second kind with zero a-periods 

- and the group of "multi-valued multiplicative functions on a Riemann 
surface" — the analogs of exponentials of abelian integrals of the third kind 
with zero a-periods. Though classical theory of abelian integrals on compact 
Riemann surface has been already developed by Riemann (see, e.g., [Iwa93] 
and [Kra72] for the modern exposition), corresponding algebraic theory - 
"integral calculus on algebraic curves" — has not been fully developed. In 
the present paper we fill this gap for the case when the constant field k 
has characteristic zero, and give an explicit construction of quantum field 
theories of additive and multiplicative bosons on an algebraic curve. These 
theories are naturally associated with the algebraic de Rham theorem and 
A. Weil reciprocity law, and their corresponding global symmetries are, re- 
spectively, the vector space of additive multi- valued functions and the group 
of multiplicative multi- valued functions. 

Here is the more detailed content of the paper. For the convenience of 
the reader, in Section 2 we recall necessary facts of the theory of algebraic 
curves. Namely, let X be an algebraic curve of genus g over an algebraically 
closed constant field k, F = k(X) be the field of rational functions on X, 
and Fp be the corresponding local fields — completions of the field F with 
respect to the regular discrete valuations vp corresponding to the discrete 
valuation rings at points P £ X. In Section 2.1 we introduce the ring of 
adeles 

A * = II Fp 

- a restricted direct product of the local fields Fp — and present Serre's 
adelic interpretation of the cohomology. In Section 2.2 we recall the defini- 
tions of the F- module Qp/ k of Kahler differentials on X, of the correspond- 
ing Ax-module of differential adeles fix, and of the differential and residue 
maps d : Ax — > ^x and Res : fix — ► k. In Section 2.3 we present the Serre 
duality and the Riemann-Roch theorem, and in Section 2.4 we define the 
group of ideles Sx, the local and global tame symbols, and state A. Weil 
reciprocity law. 

In Section 3, assuming that the constant field k has characteristic zero, 
we recall the "differential calculus" on an algebraic curve X — the struc- 
ture theory of the /s-vector space of Kahler differentials Q F / k on X — and 
develop the corresponding "integral calculus". Namely, in Section 3.1, fol- 
lowing Chevalley [Che63] and Eicher [Eic66] , for the /c-vector space ft( 2nd ) of 
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the differentials of the second kind — differentials on X with zero residues 
— we introduce the skew-symmetric bilinear form {ui\,ui2)x by 

The main result of the differential calculus is Theorem 3.1, the algebraic 
version of the de Rham theorem. It goes back to Chevalley and Eichler, 
and for the algebraic curve X of genus g > l 1 states that 2g-dimensional 
k- vector space Q( 2nd )/dP is a symplectic vector space with the symplectic 
form ( , )x- Moreover, for every choice of a degree g non-special effective 
divisor D = Pi + • • • + P g on X, together with the uniformizers tj at the 
points Pi, there is an isomorphism 

U^/dF ~ ^ 2nd ) n Q F/k (-2D) 

and a symplectic basis {Oi,oJi}f =1 of S7( 2nd ) n Q F , k (—2D), consisting, re- 
spectively, of differentials of the first and second kinds 6i and uJi with the 
following properties. Differentials 0, vanish at all points Pj for j ^ i, and 
9i = (1 + 0{ti))dti at Pj, whereas differentials uii are regular at all points 
Pj for j / £, and = (t^ 2 + 0(ti))dti at Pj. The differentials #j and u>j 
are, respectively, algebraic analogs of differentials of the first kind on a com- 
pact Riemann surface with normalized "a-periods" , and differentials of the 
second kind with second order poles, "zero a-periods" and normalized "6- 
periods". Algebraically, the a-periods of a; € f2( 2nd ) are defined by (uj,LOi)x, 
i = 1, . . . , g, and we denote by Q^ nd ^ the isotropic subspace of Q( 2nd ) con- 
sisting of differentials of the second kind with zero a-periods. According to 
Proposition 3.1, 

(1.2) n { Q nd) = k ■ ui e • • • © k ■ oj g e dp. 

In Section 3.1 we also introduce the algebraic notion of additive multi- 
valued functions on X. By definition, the /c-vector space of additive multi- 
valued functions is a subspace A(X) of the adele ring Ax satisfying P C 
A(X) and dA(X) C ^ F i^ and the additional property that if a € A(X) is 
such that da = df for some / G P, then a — f = c G k. The main result of 
the integral calculus for differentials of the second kind with zero a-periods 
is explicit construction of the vector space A(X, D) in Example 3.1, which 
plays a fundamental role for the theory of additive bosons. It is parametrized 
by the choice of the degree g non-special divisor D = P\ + • • • + P g on X, the 
uniformizers £j at the points Pi, and the solutions in Ax of the equations 
drji = UJi (with any fixed choice of local additive constants). It is defined by 

A(X; D) = k ■ rji © • • • © k ■ rj g © P C A x 

and satisfies the property d(A(X;D)) = Q^ nd \ Finally, we introduce ad- 
ditive multi- valued functions rf^ E A(X; D) with single poles at P € X 
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of any given order n, and in Lemma 3.1 prove that every / G F admits a 

(n) 

unique partial fraction expansion with simple fractions given by these r] P . 

Section 3.2 is devoted to the differential and integral calculus for the 
differentials of the third kind on X — Kahler differentials with only simple 
poles. We define the a-periods of a third kind differential u> by 

-(ui,u)x = ~ ^ Respfao;), i = l,...g, 

and prove that there is a choice of local additive constants in the definition 

df 

of rji = d~ 1 LL>i such that all logarithmic differentials dlogf = — , / G F*, 

have zero a-periods; all such choices are parametrized by the g elements in 
Hom(Pico(X), k). For every P,Q G X, P ^ Q, denote by uspq the unique 
differential of the third kind with simple poles at points P and Q with 
respective residues 1 and —1 and zero a-periods. The differentials lopq span 
the vector space ^Q ld of the differentials of the third kind with zero a-periods, 
and 

n 

(!-3) dlogf = ^u PiQi , 

i=l 

where (/) = Y27=l(^ ~ Qi) 1S ^ ne divisor of / € F*. The main result 
of the integral calculus for the differentials of the third kind, summarized 
in Proposition 3.2, is the existence of an algebraic analog of the classical 
Schottky-Klein prime form on a compact Riemann surface — the family 
of ideles eQ = {eQ,p}peX €= Jx parametrized by points Q € X with the 
following properties. 

• For all P G X, the elements eQ t p € Fp satisfy vp(eQ,p) = 0, when 
P / Q , and vq^q^q) = 1 when P = Q. 

• For all P,Q € X , P ^ Q, the constants cq^p = gq^p mod p G k* 
satisfy cq.p = — cp ; Q. 

• For all P, Q eX, P^Q, 

e p 

lopq = d log f P Q, where fpQ = — G $x- 

e Q 

. For every / G F* with (/) = D?=i(J°< " Qi). 

/ = c /pq, where c = c(/) G k*. 
i=l 

The latter property is a unique factorization of rational functions on X into 
the products of "elementary functions" Jpq, which should be considered 
as an integral form of the differential property (1.3). Correspondingly, the 
algebraic analogs of the exponentials of abelian integrals of the third kind 
with zero a-periods are defined by 

Q fns(Q) 



exp / lors 



p ™ fMpy 
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They satisfy classical "exchange law of variable and parameter" , proved in 
Lemma 3.3. 

In Section 3.2 we also introduce the algebraic notion of multiplicative 
multi-valued functions on X. By definition, a group of multiplicative multi- 
valued functions on X is a subgroup M{X) of the idele group Jx satisfying 

F* C M(X) and d\ogm = = uj G fiL. for every m G M(X), and the 

m I 

additional property that if m G A4(X) is such that dlogm = dlog f for 
some / G F*, then m = cf, c G k* . The main result of the integral calculus 
for differentials of the third kind with zero a-periods is a construction of the 
subgroup A4(X,D) in Example 3.2, which plays a fundamental role in the 
theory of multiplicative bosons. Namely, it is a subgroup of Ix generated 
by the ideles fpQ for all P, Q G X, P / Q, and it is associated with the 
vector space A(X, D), defined in Example 3.1. Finally, in Proposition 3.3 
we show that the restriction of the global tame symbol to the subgroup 
M.(X, D) x M.(X, D) of Jx x Jx is the identity, which can be considered as 
generalized A. Weil reciprocity law for multiplicative functions. 

In Section 4 we formulate local quantum field theories of additive, charged 
and multiplicative bosons. The local theory of additive bosons is associated 
with the representation theory of the local Heisenberg algebra gp — a one- 
dimensional central extension of the abelian Lie algebra Fp, P G X, by the 
2-cocycle cp(f,g) = — Resp(fdg). In Section 4.1 we introduce the highest 
weight representation p of Qp in the local Fock space J^p, and define the 
corresponding contragradient representation p v of Qp in the dual local Fock 
space In Section 4.2 we define a local lattice algebra lp — a semi- 
direct sum of the local Heisenberg algebra qp and the abelian Lie algebra 
fc[Z], the group algebra of Z. Corresponding irreducible highest weight lp- 
module is the local Fock space S$p of "charged bosons" — a symmetric 
tensor product of k[Z] and &p. Material in Sections 4.1 and 4.2 is essentially 
standard and can be found in [Kac90, FBZ04]. Finally, in Section 4.3 we, 
following H. Garland and G. Zuckerman [GZ91], introduce local quantum 
field theory of multiplicative bosons. It is given by the so-called Heisenberg 
system — a triple (Gp,Qp, Ad) — where Gp is the central extension of 
the multiplicative group Fp by the local tame symbol, and Ad stands for a 
certain "adjoint action" of Gp on gp (Ad is well-defined despite the fact that 
the Heisenberg algebra qp is not a Lie algebra of Gp). A representation of the 
Heisenberg system (Gp,gp,Ad) in a fc-vector space V is a pair (Rp, dRp), 
where Rp is a representation of the group Gp, and dRp is a representation 
of the Lie algebra gp, satisfying dRp(Adg ■ x) = Rp(g)dRp(x)Rp(g)~ 1 . 
Following [GZ91], we define a representation of the local Heisenberg system 
(Gp,Qp, Ad) in the local Fock space £%p of charged bosons, as well as the 
corresponding contragradient representation in the dual Fock space 3$^,. 

Finally, in Section 5 we formulate global quantum field theories, starting 
in Section 5.1 with the theory of additive bosons on an algebraic curve X. 
The latter is associated with a "current algebra on an algebraic curve" - 
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the global Heisenberg algebra Qx — the one-dimensional central extension 
of the abelian Lie algebra flti(Ax) = Ax by the 2-cocycle cx = Y1iP&x c p- 
Since the J7g nd is the isotropic subspace with respect to the bilinear form 
( , )xj we have 

(1.4) c x (a 1 ,a 2 ) = for all ai,o 2 G A(X,D) C Ax, 

which can be considered as generalized residue theorem for the additive 
multi- valued functions. The irreducible highest weight module of the global 
Heisenberg algebra Qx is the global Fock space &x > a restricted symmetric 
tensor product of local Fock spaces J^p over all points Pel. The global 
Fock space can be considered as "the space of observables of the quantum 
field theory of additive bosons" on an algebraic curve. In Theorem 5.1 we 
prove that there exists a unique normalized expectation value functional 
( • ) : J^x — ► k, uniquely characterized by the global symmetries 

(1.5) (p(a)v) = for all a G A(X; D) and v G & x , 

where the subspace A(X; D) C Ax is a vector space of additive multi- 
valued functions on X, defined in Section 3.1, and p : qx — > EndJ^x is the 
corresponding representation of the global Heisenberg algebra. Specifically, 
we show that 

(v) = (Qx,v) for all v G Jx, 
where Qx G & x — the dual Fock space to & x — satisfies an infinite system 
of equations 

(1.6) Q x ■ P v (a) = for all a G A(X, D). 

The vector Qx is given by an explicit formula (see Theorem 5.1), which 
encodes all "correlation functions of the quantum field theory of additive 
bosons" on an algebraic curve X. The reciprocity law for the differentials 
of the second kind with zero a-periods, proved in Lemma 3.1, plays a fun- 
damental role of ensuring compatibility of the system (1.6). The additive 
Ward identities (1.5) are also compatible with the generalized residue the- 
orem. Namely, since [p(x),p(y)] = c x (x,y)I for x,y G Ax, where i" is the 
identity operator in j?x> we get from (1.5) that for a±,a 2 G A(X,D), 

= ((p(ai)p(a 2 ) - p(a 2 )p(a 1 ))v) = c x (a 1 ,a 2 ){v) for all v G J^x, 

which gives (1.4). 

In Section 5.2 we define a global lattice algebra tx as a semi-direct sum 
of the global Heisenberg algebra qx and the abelian Lie algebra fc[Divo(X)] 
with generators eo, D G Divo(X) — the group algebra of the additive group 
Divo(X) of degree divisors on X. Its irreducible highest weight module is 
the global Fock space S$x of charged bosons — the symmetric tensor product 
of the group algebra A;[Divo(X)] and the Fock space of additive bosons &x- 
The main result of this section is Theorem 5.2. It states that there is a 
unique expectation value functional ( • ) : 88 x — > k, which is normalized with 
respect to the action of the group algebra fc[Divo(^0] an d satisfies additive 
Ward identities (1.5) with respect to the action of global symmetries - 
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additive multi- valued functions A(X, D) — in the global Fock space 88 x- 
It has the form (v) = (£lx,v) where Ctx G 88 x — the dual Fock space to 
88 x — is given by an explicit formula (see Theorem 5.2), which encodes 
all "correlation functions of the quantum field theory of charged additive 
bosons" on an algebraic curve X. 

In the last Section 5.3 we formulate quantum field theory of multiplicative 
bosons. We define the global Heisenberg system (Gx,Qx,A-d), where Gx is 
a central extension of the group of ideles Jx by the global tame symbol 
Tx, and in Theorem 5.3 we construct its representation (Rx,dRx) in the 
global Fock space 88x — the symmetric tensor product of the group algebra 
fc[Div(X)] and F° r the subgroup G\ — the central extension of the 
subgroup J x of degree ideles — the representation Rx has an invariant 
subspace 88 x- in Theorem 5.3 we prove that there is a unique normalized 
expectation value functional ( • ) : 8$x k, satisfying global symmetries 

(1.7) (dR x (a)v) = and {R x (m)v) = (v) 

for all a G A(X;D) C A x , m G M{X;D) C J^, and v G 88 X - Th e lat- 
ter relations in (1.7) are the multiplicative Ward identities in the sense of 
E. Witten [Wit88b] (see also [SR88]). As in previous sections, the expec- 
tation value functional has the form (v) = (Qx,v), where fix G 8% x ls 
given by an explicit formula (see Theorem 5.3), which encodes all "correla- 
tion functions of the quantum field theory of multiplicative bosons" on an 
algebraic curve X. The property cp : q = —cq : p of the algebraic analog of 
the prime form, which is fundamental for the exchange law of variable and 
parameter, proved in Lemma 3.3, ensures the compatibility of the infinite 
system of equations for determining Cl X - The multiplicative Ward identities 
are also compatible with the generalized A. Weil reciprocity law for mul- 
tiplicative multi-valued functions, proved in Proposition 3.3. Namely, since 
Rx(ab) = Tx(a,b)Rx(a)Rx(b) for a, b G Sx, we get from (1.7) that for all 
mi,m 2 G M(X,D) and v G @x, 

(v) = {R x (mim 2 )v) = T X (mi,m 2 )(Rx(mi)Rx(m2)v} = T X (m 1 ,m 2 )(v}, 

so that Tx(ini,m2) = 1. 

Finally, we note that our construction of quantum field theories on al- 
gebraic curves can be considered as an algebraic counterpart of geometric 
realization of conformal field theories on Riemann surfaces in [KNTY88]. 
In particular, explicit formula for the vector fix G SS\ in quantum field 
theory of multiplicative bosons contains all correlation functions of vertex 
operators in [KNTY88, Sect. 6A]. 

Acknowledgments. I am grateful to A.L. Smirnov for the suggestion to 
use Ext 1 (-,/c) in the proof of Lemma 3.2 in Section 3.2. This work was 
partially supported by the NSF grants DMS-0204628 and DMS-0705263. 
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2. Basic Facts 

Here we recall necessary facts from the theory of algebraic curves. The 
material is essentially standard and can be found in [Che63, Ser88, Iwa93]. 

2.1. Definitions. An algebraic curve X over an algebraically closed field 
k is an irreducible, nonsingular, projective variety over k of dimension 1, 
equipped with Zariski topology. The field F = k(X) of rational functions on 
X is a finitely-generated extension of the field k of the transcendence degree 
1. Conversely, every finitely-generated extension of k of the transcendence 
degree 1 corresponds to the unique, up to an isomorphism, algebraic curve 
over k. Closed points P on X correspond to discrete valuation rings Op, the 
subrings of the field F. The rings Op for all points P G X form a sheaf of 
rings over X — the structure sheaf Ox , a subsheaf of the constant sheaf F. 

For every point P G X let vp be the regular discrete valuation of the 
field F over k, corresponding to the discrete valuation ring Op. Completion 
of the field F with respect to vp is the complete closed field Fp with the 
valuation ring Op — the completed local ring at P, the prime ideal p, and 
the residue class field k = Op /p. The ring of adeles Ax of an algebraic curve 
X, 

Ax = J] F P , 

Pex 

is a restricted direct product over all points P G X of the local fields Fp 
with respect to the local rings Op. By definition, 

x = {xp}p^x & Ax if xp G Op for all but finitely many P G X. 

The field F is contained in all local fields Fp and is diagonally embedded 
into Ax by 

F 3 f -» {/|p}p e x € A x . 
The divisor group Div(X) of X is a free abelian group generated by points 
P G X. By definition, 

D = ^np.Fe Div(X) 

P£X 

if rip = vp(D) G Z, and rip = for all but finitely many P G X. The 
divisors of the form 

(/)= J>p(/)-p eDiv(X), 

Pex 

where / G F* = F \ {0}, the multiplicative group of the field F, are called 
principal divisors. The principal divisors form a subgroup PDiv(A A ) ~ F* /k* 
of the divisor group Div(X). The degree of a divisor D is 

degD = J2n P = v P (D) G Z, 
Pex Pex 

and deg(/) = for / G F* . A divisor D is said to be effective, if vp{D) > 
for all P G X. By definition, divisors D\ and D2 are linear equivalent, 
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D\ ~ D2, if D\ — D2 = (/), f & F*. The equivalence classes of divisors form 
the divisor class group C1(X) = Div(X)/PDiv(X). 

For every divisor D the subspace Ax{D) of the k- vector space is 
defined by 

A X (D) = {x G A x : vp{x P ) > -v P {D) for all P G X} . 

The ring of adeles Ax is a topological ring with the product topology. The 
base of neighborhoods of is given by the subspaces Ax(D), D G Div(X), 
and Ax is a fc-vector space with linear topology in the sense of Lefschetz 
[Lef42, Ch. II, §6]. Every subspace Ax(D) is linear compact, so that Ax is 
locally linear compact. The ^-vector space F = k(X) is discrete in Ax and 
the quotient space Ax/F is linear compact [Iwa93, App., §3]. 

To every divisor D there corresponds an algebraic coherent sheaf F(D) 
on X — a subsheaf of the constant sheaf F_ whose stalk at each point Pel 
is 

F{D) P = {f£F: v P (f) > -v P (D)}. 

Linear equivalent divisors correspond to the isomorphic sheaves. Denote by 
H t {X,T{D)) the Cech cohomology groups of the sheaf J~(D) — a finite- 
dimensional vector spaces over k that vanish for i > 1 — and put h l (D) = 
dimfc H l (X, T(D)). The zero divisor D = corresponds to the structure 
sheaf Ox- In this case, /i°(0) = 1 and /i 1 (0) = g — the arithmetic genus of 
the algebraic curve X. One has 

H°(X,F(D)) =A x (D)nF 

and 

H\X,F(D)) ~A X /(A X (D) + F), 
which is Serre's adelic interpretation of the cohomology [Ser88, Ch. II, §5]. 

2.2. Differentials and residues. The F-module of Kahler differentials on 
X is the module ^pj k , which is universal with respect to the following 
properties. 

Kl There exists a /c-linear map d : F — > Qp/ k satisfying the Leibniz rule 

d(fg) = fdg + gdf. 
K2 The -F-module Qp/ k is generated by the elements df, f G F. 

Since X is an algebraic curve, dimp Q F / k = 1. Let t G F be a Zariski local 
coordinate at point P — a rational function on X satisfying vp(t) = 1. 
Then dt is a generating element of the F-module Qp/ k , i-e., every Kahler 

differential can be written as oj = fdt for some / G F. The order of u> G Qp/ k 
at P is defined by 

v P (u) = v P (f). 

The order does not depend on the choice of a local coordinate at P and 
defines a valuation on Qp/ k - 
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The Op-modules ^o P /k ^ or an P om ts P £ X form an algebraic coherent 
sheaf O — a subsheaf of the constant sheaf Q F i k - Moreover, 

^F/k = «Op/k ® F - 
Up 

In the case when the field k has characteristic 0, the -Fp-module ^p p / fc for 
every P £ I is an infinite-dimensional Fp-vector space (the mapping d is 
not continuous with respect to the p-adic topology of Fp). Following Serre, 
one defines 

where Q = D n > p n d(Op), so that dimp p & Fp / k = 1 (see [Ser88, Ch. II, 
§11]). The Fp-module & Fp / k is the completion of the F-module & F / k with 
respect to the valuation vp. The completion of the Op-module &> Up / k is an 
Op-module & Up / k and 



^Fp/k = toop/k ® F P- 
Up 



The Ax-module of adeles fix of the sheaf Q, 

^ x = II ^Fp/fc' 

p&x 

is a restricted direct product over all points P € X of the Fp-modules & Fp / k 
with respect to the Op-modules & Up i k - The F-module Q F / k is contained in 
all Fp-modules ^p p/ / fc and is diagonally embedded into fix by 

^F/k 3 u ^ Mp}PeX G fix- 

The /c-vector space fix has a linear topology with the base of the neighbor- 
hoods of zero given by the subspaces flx(D) for all D £ Div(X), where 

ftx(D) = {uj = {ujp} PeX S fix : v P (ujp) > v P (D) for all Pel), 
and is locally linear compact. The maps d : Fp — > & Fp / k for all P € X give 
rise to the continuous map d : Ax — > fixj satisfying the Leibniz rule. 

Remark 2.1. The Ax-module fix is essentially the set of principal part 
systems of degree 1 on X in the sense of Eichler (see [Eic66, Ch. Ill, §5.2]). 

Let uj € ^pp/fcj and let t be a local parameter of the field Fp, so that dt 
a basis c 
defined by 



is a basis of the Fp-module & Fp / k - The residue map Resp : ^p p/ / fc — > A: is 



oo 



Resp(w) = c_i, where uj = > c n t n dt 



and the symbol n ^> — oo indicates that summation goes only over a finitely 
many negative values of n. The definition of the residue does not depend on 
the choice of a local parameter. The residue map is continuous with respect 
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to the p-adic topology on fl Fp / k and the discrete topology on k. The local 
residue maps Resp give rise to the global residue map Res : fix — > k, 

Res u = Resp(u;p), u = {ujp}p^x G fix- 

The global residue map is well-defined, continuous, and satisfies the following 
fundamental property. 

Theorem 2.1 (The residue formula). For every uj G fl F / k , 

Res uj = Resp(w|p) = 0. 
Pex 

2.3. Serre's duality and Riemann-Roch theorem. Let 

Q F/k (D) = fl F/k n tl x (D) = {uj G Q F/k : v p (uj) > v P (D) for all P G X}. 

Define the residue pairing ( , ) : fix ®K Ax — > k by 

(u>,x) = Resp(xpu;p), where u G fix, % G Ax- 
Pex 

The residue pairing has the following properties. 

PI (uj, x) = if uj G ft F / k and x G F. 

P2 = if u G and x G A x (£>). 

It follows from P1-P2 that the formula i(uj)(x) = (oj,x) for every D G 
Div(X) defines a /c- linear map 

z:n F/k (D)^(A x /(A x (D)+F)y , 

where V v = Hom(V, fe) is the topological dual of a fc-vector space V with 
the linear topology. 

Theorem 2.2 (Serre's duality). For every D G Div(X) the mapping i is 
an isomorphism, i.e., the finite- dimensional k-vector spaces flp, k (D) and 
Ax/(Ax(D) + F) are dual with respect to the residue pairing. 

Corollary 2.3 (The strong residue theorem). 

(i) An adele x G Ax corresponds to a rational function on X under the 
embedding F Ax if and only if 

(uj, x) = for all u> G flp/k- 

(ii) A differential adele uj G fix corresponds to a Kahler differential on 
X under the embedding flpi k c — ► fix if and only if 

(uj,f) = 0for allfeF. 

Proof. To prove part (i), observe that by Serre's duality x G Ax(D) + F 
for every D G Div(X), and F n A X {D) = for D < gives x G F. To 
prove part (ii), let loq G fipi k , wo ^ Setting rr = w/wo G Ax we get 
= (uj, f) = (fujQ, x) for all / G F, so that x G F by part (i). □ 
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Remark 2.2. In a slightly different form, the strong residue theorem can be 
found in [Eic66, Ch. Ill, §5.3]. 

For lo G ^ip/k se t 

( w ) = ^ v P (uj) • P G Div(X). 
Pex 

Since dimp Qp^ k = 1, divisors (lo) are linear equivalent and define the divisor 
class K G C1(X), called the canonical class. Combining the Riemann-Roch 
formula for the Euler characteristic of the divisor D, 

X (D) = h°(D) - h l (D) = degD + 1 - <?, 

and using Serre's duality and Serre's adelic interpretation of cohomology, 
one gets the following result. 

Theorem 2.4 (Riemann-Roch theorem). For every D G Div(X), 

h°(D) - h°{K -D) = degD + l-g. 

Effective divisor D on X is called non-special if h°(K — D) = 0. It follows 
from the Riemann-Roch theorem that effective divisor D of degree g is non- 
special if and only if h°(D) = 1. Equivalently, the only rational function 
whose poles are contained in the effective non-special divisor of degree g is 
a constant function. 

2.4. The tame symbol. The group of ideles Ix is a group of invertible 
elements in Ax- Equivalently, 

J * = II F P 

Pex 

- a restricted direct product of the multiplicative groups Fp with respect 
to the subgroups Up = Op of invertible elements in Op. By definition, 

a = {apjpex € Ix if ap G Up for all but finitely many Pel, 

The multiplicative group F* is embedded diagonally into the group of ideles 

F* 3 f^{f\ p } PeX el x . 
The global residue map defines the pairing Resx : Ax CS> Jx — ► k by 



Resx(£,a) = Resp \ xp j, 

Pex ap 

and by the residue theorem, 

(2.1) Resx(/,<7) = for all / G F, g G F*. 

The tame symbol (or Tate symbol) for the field Fp is defined by 

r P (f,g) = (-ir n ^ modpeF, 
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where f,g <E Fp and m = vp(f),n = vp(g) (see, e.g., [Ser88, Ch. Ill, §1.3]). 
It satisfies the following properties: 

Tl T P {f,g 1 g 2 ) =rp(f,gi)Tp(f,g 2 ). 
T2 rp(f,g)T P (gJ) = l. 

Since Tp(f,g) = 1 when f,g S Up, the global tame symbol 
T X {a,b)= ] [ Tp{a P ,bp), a,beSx 

P&X 

is a well-defined map tx ■ §x x Jx — > satisfying the properties T1-T2. 
The classical A. Weil reciprocity law is the following statement 

(2.2) Tx (f,g) = 1 for all f,g e F* 

(see [Wei40], [Ser88, Ch. Ill, §1.4] and [MPPR08] for the modern exposi- 
tion and non-abelian generalizations.) It can be considered as non-trivial 
multiplicative analog of the corresponding additive result (2.1). 

3. Differential and Integral Calculus 

Starting from this section, we assume that the algebraically closed field k 
has characteristic 0, and the algebraic curve X has genus g > 1. 

3.1. Differentials of the second kind and "additive functions". Fol- 
lowing classical terminology, a Kahler differential uj 6 tipi^ is said to be 
of the second kind if Respw = for all P € X. The k- vector space 
Q( 2nd ) f differentials of the second kind on X carries a canonical skew- 
symmetric bilinear form ( , )x defined as follows. For every u £ il( 2nd ) let 
x = {xp}p e x £ Ax be an adele satisfying 

dxp = uj\ p for all PeI, 

For every P € X such ip £ Fp exists, is defined up to an additive constant 
from k, and xp G Op for all but finitely many P € X. Denote x = d~ l u: 
and set 

(u)\,u)2)x = ^2 R-esp^ -1 "^!^), w u w 2 6 Q^ 2nd \ 
Pex 

The bilinear form ( , )x does not depend on the choices of additive constants 
in the definition of dT 1 and is skew-symmetric. 

The infinite-dimensional A;- vector space il( 2nd ) has a ^-dimensional sub- 
space f^ lst ) = Q^y fc (0) consisting of differentials of the first kind. The 

infinite-dimensional subspace Q( lst ) © dF of fi( 2nd ) is isotropic with respect 
to the bilinear form ( , )x- Since there is no canonical choice of the comple- 
mentary isotropic subspace to f2( lst ) © dF in Q,( 2nd >, the exact sequence 

-> ft (lst) © dF -> f)( 2nd ) -> fi( 2nd ) /(fi( lst ) © dF) ^ 

does not split canonically. Still, the following fundamental result holds (see 
[Che63, Ch. VI, §8] and [Eic66, Ch. Ill, §§5.3-5.4]), which can be considered 
as an algebraic de Rham theorem (see [GH78, Ch. Ill, §5]). 
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Theorem 3.1. 

(i) The restriction of the bilinear form ( , )x to £}( 2nd '/dF is non- 
degenerate and 

dim fc (2nd) jdF = 2g. 

(ii) Every choice of degree g non-special effective divisor D on X defines 
the isomorphism 

U^/dF ~ fi( 2nd ) n Q F/k {-2D). 

(iii) Let D = P± + • • • + P g , where points Pi G X, i = 1, . . . , g, are all 
distinct, be a non-special divisor. For every choice of the uniformiz- 
ers ti at Pi, the k-vector space 0( 2nd ) n n F/k (-2D) has the basis 

{Oi,uJi}f =1 , symplectic with respect to the bilinear from ( , )x, 
(0i,9j)x = {u)i,uj) x = 0, (9i,Uj) x = Sij, i,j = l,...,g. 

This basis consists of differentials of the first kind 9i and differentials 
of the second kind Ui, uniquely characterized by the conditions 

vp i (6j - 5ijdti) > and vp i (uj - 5ijt^ 2 dti) > 0, 

i,j = l,... ,g- 

(iv) The subspace k-oj\®- ■ -®k-uj g is a complementary isotropic subspace 
to f]( lst ) ®dF in f]( 2nd ). 

Proof. Let (oj)^ = niQi + • • • + niQi be the polar divisor of uj G fi( 2nd ). 
Since char/c = 0, for every Qi, i = 1, . . . ,1, there exists fi G F such that 
vq^lo — dfi) > 0. Now define x = {xp}p e x G Ax by 

fi\Q i P = Qii * = 1) ■ • ■ 5 ^) 

otherwise. 



x P 



Since divisor D of degree g is non-special we have Q F ^ k (D) = {0}, and by 
Serre duality Ax(D) + F = Ax- Thus there exists / G F with the property 
vp(f - x) > -vp(D) for all P G X, so that (w - d/) > -2D. Since I? is 
non-special, such / is unique, and this proves part (ii). 

To show that dim fc tP^/dF = 2g we observe that dim fc n F/k (-2D) = 
3g — 1 and dimfc Q F ^ k (— D) — 2g — 1. as it follows from the Riemann-Roch 

theorem. Denote by fi( 3rd ) the fe-vector space of the differentials of the third 
kind — the subspace of &pj k consisting of differentials with only simple 

poles. Since ^( 2nd ) n SK 3rd ) = (lst) and ft( 3rd ) n n p/k (-2D) = n F/k (-D), 
we conclude 

dim fc ^( 2nd ) n n l F/k (-2D) + dimfc. n F/k (-D) 

= dimfc Q F/k (-2D) + dim fe & lst \ 

so that by part (ii), 

dimfc n^/dF = (3g - 1) - (2g - 1) + g = 2g. 
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To finish the proof, consider the £;-linear mapping 

L : (2nd) n Sl l F/k {-2D) -» k 2 \ 

defined by L(u>) = (ai(u>), . . . , a g (u), f3i(u), . . . , f3 g (uj)), where 

v P . [lj - {ai(uS)tJ 2 + (3i{io)dti)) > 0, i = l,...,g. 

Since divisor D is non-special, the mapping L is injective and, therefore, is 
an isomorphism. The differentials Ui and 9i are obtained by choosing the 
only non-zero components of L to be, respectively, on = 1 and = 1. □ 

Remark 3.1. The choice of a non-special effective divisor L> = Pi + • • • + P g 
on X with distinct points Pj and the uniformizers £j can be considered 
as an algebraic analog of the choice of "a-cycles" on a compact Riemann 
surface of genus g > 1. Correspondingly, differentials 0j are analogs of the 
differentials of the first kind with normalized "a-periods" , and differentials 
uji are analogs of the differentials of the second kind with second order poles, 
"zero a-periods" and normalized "6-periods" . The symplectic property of the 
basis {&i,Wi}f = i is an analog of the "reciprocity law for differentials of the 
first and the second kind" (see [Iwa93, Ch. 5, §1] and [Kra72, Ch. VI, §3]). 

Remark 3.2. Condition that effective non-special divisor D consists of g 
distinct points is not essential. The statement of Theorem 3.1, as well as of 
all other results in the paper, can be easily modified to include divisors with 
multiple points. 

A differential of the second kind u is said to have zero a-periods, if 

(uj,uJi) x = 0, i = l,...,g. 

It follows from Theorem 3.1 that differential of the first kind with zero a- 
periods is zero. The vector space ^Q 2nd ^ of differentials of the second kind 
with zero a-periods has the following properties. 

Proposition 3.1. 

(i) The k-vector space f]Q 2nd ^ is complementary isotropic subspace to 

ana 

n { Q nd) = k ■ wi • • • © k ■ uj g © dF. 

(ii) There is a direct sum decomposition 

^ 2nd) = ©«o(*n 

P&X 

where £lo(*P)is the subspace of differentials of the second kind with 
zero a-periods and only pole at P € X . 
(hi) For every P G X the k-vector space VLq{*P) has a natural filtration 

{0} = U (-P) C n (-2P) • • • C fio(-nP) C . . . , 
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where £lo(—nP) is the subspace of differentials of the second kind 
with zero a-periods and only pole at P of order not greater than n, 

dirrifc Qo(-nP) = n — 1. 

(iv) Every ui G Qo(-nP) admits a unique decomposition 

9 

u = df +} j CjUj, 
i=i 

where f G H°(X, T{D + (n - 1)P)). 

Proof. Part (i) follows from Theorem 3.1 since divisor D is non-special, and 
part (ii) is clear. Since dim/% Q} F j k {—nP) = n — 1 + g, part (iii) follows from 
the decomposition 

n x F/k (-nP) = n {-nP) © rt lst \ 

The divisor D = Pi + • • • + P g is non-special, so that h°(D + (n — 1)P) = n, 
and part (iv) also follows from Theorem 3.1. □ 

Definition. A space of "additive multi-valued functions on X v (additive 
functions for brevity) is the subspace A(X) C Ax with the following prop- 
erties. 
AF1 F C A(X). 

AF2 For every a G A(X), da = uj G Q p/k (and hence u G fi( 2nd )). 
AF3 If a G A(X) satisfies da = df for / G F, then a - f = c G k. 

Remark 3.3. For every uj G S}( 2nd ^ corresponding a = {ap}p<=x = d~ l uj 
is defined up to the choice of additive constants for every P G X. Condi- 
tion AF3 ensures that for all / G F these choices are compatible with the 
equation / = d -1 (df) + c. 

Example 3.1. For every non-special effective divisor D of degree g on X, 
D = P\ + • • • + P g with distinct points Pj, and a choice of uniformizers ti 
at Pi, there is an associated space of additive functions A(X ; D) with "zero 
a-periods", defined as follows. Let rji G Ax be the solutions of the equations 

drji = Ui, i = l,...,g, 

with any fixed choice of additive constants at all points Pel. Since the 
divisor D is non-special, the subspaces k ■ rji © • • • © k ■ rj g and F of the 
/c-vector space Ax have zero intersection. Their direct sum, the subspace 

(3.1) A(X;D) = k-rn®---®k-rj g ®FczAx, 

satisfies properties AF1-AF3 and the mapping d : A(X; D) — > Q^ nd ^ is 

surjective. Indeed, according to Proposition 3.1, every u> G Q^ nd ^ admits a 
unique decomposition 

9 

(3.2) u = df +} j CjUj, 

i=l 
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and 

a 

(3.3) o= d^uj = f + J2 c i r li + ce A(X;D). 



i=l 



Remark 3.4. Additive functions a = d~ l uj G A(X,D) are algebraic analogs 
of abelian integrals of the second kind with zero a-periods on a compact 
Riemann surface of genus g (see, e.g., [Iwa93, Ch. V, §2]), and we can define 

i 

uj = a(Q)-a(P), 



p 

where a(P) = ap mod p G k for every P£l. 

It is quite remarkable that using additive functions introduced in Example 
3.1, one can naturally define uniformizers tp at all points P G X. These 
uniformizers are uniquely determined by the following data: a choice of a 
non-special divisor D = P\ + • • • + P g with distinct points, uniformizers 
ti at Pi , and additive functions rji , . . . , r/ g . Namely, for every P G X let 

(2) 

Up G Qo(—2P) be a differential of the second kind with the second order 
pole at P and zero a-periods, uniquely characterized by the condition 

(3.4) £(**' w ? > )x = 1 - 

8=1 

In particular, ujp = Ui for i = 1, . . . , g. Let rjp = d" 1 ^^ G A(X; D) be the 
additive function with the only simple pole at P G X. According to (3.3), rjp 
is defined up to an overall additive constant, which we fix by the condition 
that the sum of constant terms of rjp\ P . G k((ti)) over all i = 1, . . . , g is 
equal to zero. In particular, rjp i = rji + a for some Cj G k. For every fgl 
the uniformizer tp is defined by 

1 

t P = 

VP 



and for wj, 2 ' = drjp we get 



UJn 



tp 2 dt P , P ex. 



Extending this construction, for every P G X we choose a basis {w^ 1 " 1 " 1 ^}^]^ 
of the subspace £lo(* P) which consists of differentials of the second kind 
with the only pole at P of order n+ 1 and zero a-periods, where differentials 
Wp' are specified by (3.4). Let rj^ = d" 1 ^^ G A(X;D) be the additive 
function with the only pole at P G X of order n, where the overall additive 
constant in (3.3) is fixed as follows. We set r^p = rjp, and for ryp with 
n > 1 we impose a condition that the constant term of rj^ G k((tp)) is 
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(n) 

rjp , n £ N — we have the decomposition 



zero. Introducing for every P £ X the subspace Ap(X, D) — the £;-span of 

(n) 

Vp . 
(3.5) 



>i(x,z>) = ( 0^ P (x,z)) ) 

\Pex J 



The property that rig 2nd ^ = dA(X;D) is the isotropic subspace, and the 
condition AF3 can be equivalently stated as follows. 

Lemma 3.1. 

(i) For every P,Q £ X and m,n £ N, 

(ii) Every f £ F admits a unique "partial fraction expansion" 

i=i j=i 

where n\Q\ + . . . niQi = (f)oo is the polar divisor of f , and c, q,- G k. 
Proof. Since ResQ(da) = for every a £ Fp, we get for P ^ Q, 

= = Resp^d^) + Re SQ (r,Pd V ^) 

= Respin^dr,^) - Re SQ ( V ^d V P). 

For P = Q we get = (^ m+1) , Jp +1) )x = Res P (^ m) drff) for all m, ra £ N. 
Part (ii) immediately follows from AF3 since there are £ k such that 

^-EE^4 +1) ^o 2nd) n^ lst) = {o}. □ 

i=l j=l 

Remark 3.5. The first statement of Lemma 3.1 is an algebraic analog of the 
classical "reciprocity law for the differentials of the second kind with zero 
a-periods" on a compact Riemann surface (see, e.g., [Iwa93, Ch. V, §1] and 
[Kra72, Ch. VI, §3]). 

Remark 3.6. In the genus zero case X = Pi = k U {oo}, F = k(z), and 
4™+!) = _^L_ for P e fej 4"+D = for P = oo. 

Correspondingly, 

rj-p 1 ' (z) = -. — — for P £ k, iip\z) = for P = oo. 

n(z — P) n n 
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3.2. Differentials of the third kind and "multiplicative functions". 

The k- vector space fi( 3rd ) of differentials of the third kind contains a g- 
dimensional subspace 0( lst ) and the subspace dlogF* consisting of loga- 
rithmic differentials 

dlog/ = ^, feF* = F\{0}. 

Let D = P\ + • • • + P g be a non-special divisor of degree g on X with 
distinct points, and let A(X;D) be the vector space of additive functions 
with zero a-periods, defined in Example 3.1. 

Definition. Differential of the third kind uo has zero a-periods if 

(ui, uj)x = ^2 Resp u) = for i = l,...,g, 

where rji = d~ l uJi G A(X; D). 

It follows from (3.1) and the residue theorem that every differential of the 
third kind u with zero a-periods satisfies 

(3.6) Resp (r]puj\p) = 

Pex 

for all T] € A{X;D). 

By the Riemann-Roch theorem dim^ f2^,, fc (— P — Q) = g + 1, so that for 
every P,Q & X , P ^ Q, there is a differential of the third kind with the only 
poles at P with residue 1 and at Q with residue —1. Such differentials form an 
afiine space over the vector space f2( lst ) of differentials of the first kind, and 
there exists a unique differential of the third kind with zero a-periods, which 
we denote by u>pq. The differentials ujpq for all (P,Q) £ I x I, P / Q, 

span the /c-vector space JlQ 3rd ' 1 of differentials of the third kind with zero 
a-periods, the complementary subspace to il( lst ) in Q( 3rd ), 

fi(3rd) =fi (3rd) e0 (l st )_ 

Note that so far we did not specify the choice of arbitrary constants in 
the definition of the additive functions r]i, i = l,...,g, so that we cannot 
guarantee that logarithmic differentials dlog/, / 6 F*, have zero a-periods. 
We have the following result. 

Lemma 3.2. There is a choice of additive constants in the definition of 
rn S A(X;D), i = 1, ... ,g, such that dlogF* C ilQ 3rd \ and all such choices 
are parametrized by g elements in Hom(Pico(X), k). 

Proof. Every choice of additive constants for r]i — an element Cj = {qp} p^x £ 
Ax — defines a homomorphism 7Tj : Divq(X) — > k by 



7Tj(-D) = y^QQ,nj, where D = s ^n j Q j . 

3 3 
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The condition 

Resp(7 ?i dlog /) = for all / G F* 

p&x 

implies that restriction of 7Tj to the subgroup PDiv(X) of principal divisors 
is given by 

7T»((/)) = Res P, dl ° g f , i=l,...,g. 

Since the field k has characteristic zero, it is an injective Z-module and, 
therefore, Ext 1 (^4, k) = for any Z-module A. Applying this to the Z- module 
A = Pico(X) = Divo(X)/PDiv(X), we see that the restriction mapping 

Hom(Div (X), k) -> Hom(PDiv(X), k) 

is surjective. □ 

Definition. The space of additive functions A(X; D) is said to be compat- 
ible with the multiplicative group F* of the field F of rational functions on 
X, if dlogF* C f^ 3rd) . 

In this case, denoting by (/) = Yl?=i(Qi ~ Ri) the divisor of / G F*, we 
have 

( 3 - 7 ) -T = ^ UJQA ' 

J i=l 

Indeed, (flog / — Y17=i ^QiRi = since it is a differential of the first kind 
with zero a-periods. 

For every loqr G o[, 3rd) let f QR = {fQR,p}p^x G Sx be an idele such that 

dfQR 



loqr = dlogf QR 



fQR 



It has the property vp(f Q R jP ) = for all P ^ Q,R, v P (fQR iP ) = 1 for 
P = Q, and vp(/qr j p) = —1 for P = R. For every P G X, the element 
Iqr,p € .Fp is defined up to an arbitrary multiplicative constant cp G fe*. 
Since for arbitrary distinct points Q,R,S £ X 

uqr + u>rs = ujqs, 

we get that for every P G X and arbitrary choice of multiplicative constants, 

(o o\ fQR,pfns,P ^ , * 

(3.8) = CQR S ,P G fc . 

Moreover, equation (3.8) extends to the case of coincident points Q, R, S if 
we put /qq,p = oiQQ t p G k*, etc. It follows from (3.8) that for every P G X 
the elements c = {cqrs,p} satisfy the "3-cocycle condition" 

CQRS,P CQST,P = CQRT,P CRST,P- 



22 



LEON A. TAKHTAJAN 



Clearly, the 3-cocycle c is a coboundary: there exists a "2-cochain" b = 
{oqr,p} such that 

oqr,p bns,P 
cqrs,p = — t • 

°QS,P 

This shows that we can choose multiplicative constants in the definition of 
fQR,P such that equation (3.8) becomes 

^ g-j fQR,pfRS,P _ ^ 

fQS,P 

Now it follows from (3.9) that for every Q G X there is an idele sq = 
{eQ,p}peX € Jx such that v P (eQ i p) = for all P / Q, vp(eQ t p) = 1 for 
P = Q, and 



ep 

The elements e,Q t p G F P for every P G X are defined up to multiplicative 
constants, and we chose them in such a way that cq } p = eQ,p mod p G k* , 
defined for P ^ Q, always satisfy CQ t p = —cp^q. We will use convenient 
notation c QtP = e Q (P). For P = Q we have e QtQ = cq 5 q£q(1 + 0(£q)), 
where cq^q G k*, and £q are the uniformizers at points Q G X associated 
with the space of additive functions A(X, D), defined in Section 3.1. We will 
also use the notation cq ; q = eg(Q). 

For distinct points P,Q,R,S G X we define an algebraic analog of an 
exponential of the abelian integral of the third kind on a compact Riemann 
surface of genus g by 

[ Q f RS (Q) 

ew J P URS = 7^Fv 

where f RS (P) = f RS , P mod p G k*, f RS (P) = ^45' The following result 

is an analog of the reciprocity law for the normalized differentials of the 
third kind — classical "exchange law of variable and parameter" (see, e.g., 
[Iwa93, Ch. V, §1] and [Kra72, Ch. VI, §3]). 

Lemma 3.3. For distinct points P, Q,R, S G X, 



Proof. We have 

rS 



exp J ujpq = exp / 



exp / ujpq 



fp Q (S) _ e P (S)e Q (R) 
R fpQ(R) e Q (S)e P (R) 

e S (P)e R (Q) _ f RS (Q) 
es(Q)e R (P) fns{P) 
It follows from (3.7) that for / G F* 



f\p = °P II fQiRu p = Cp n 



rQ 

exp / tops- □ 



e Qi,P 



1 e ^,P 
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for every P G X, where (/) = Y17=l(Qi ~ ^»)- We finalize our choice of 
multiplicative constants cp } Q by the condition that cp = c G k* — a constant 
depending on / — for all P 6 X, so that every / £ F* can be written in a 
'factorized form' 

n 

.iRi 

i=l 



(3-10) f = cY[f Qi 



Proposition 3.2. There is a choice of constants {cp t Q}p t Q£x £ ^* the 
definition of the ideles ep G Jx> P E X, satisfying cp^q = —cq^p for all 
P 7^ Q, and having the property that the factorization formula (3.10) holds 
for every f G F* . 

Proof. For u E Op put u(P) = u mod p 6 fc*. We need to show that there 
exist cpq G fc* satisfying cpq = —cq p for P ^ Q, such that for every 
f€F*,' 



T\— = c \- L m)( p ) 



for all P G X and some c = c(f) £ fc*, where (/) = £)™ =1 (Qj - Pi). 
For every D G PDiv(X) choose some / G F* such that D = (/), put 

c 1 (D,P)=(^ w y P ), PgA, 

and extend it to the group homomorphism c\ : PDiv(X) x Div(X) — ► k* by 
multiplicativity. Similarly, define c% : Div(X) x PDiv(X) — > k* by 

c 2 (P,D) = (-l) Vp ^ci(D,P), D G PDiv(X). 

We claim that 

(3-11) C llpDiv(A)xPDiv(X) = C 2lpDiv(X)xPDiv(X) • 

Indeed, 

««/>,«)= n (i^)< p )= n 

pg(s) V r P / Pex \ T p / 

and 

<*((/), (0)) = (-l) E ^ p{/)M3) ci((s),(/)). 
As the result, equation (3.11) takes the form 

ci((/),(3)) = (-l) E ^ M/)M3) ci(( 5 ),(/)), 

which is A. Weil reciprocity law (2.2). 

Now it follows from equation (3.11) that there is a group homomorphism 
c : Div(X) x Div(X) — > k* satisfying 

c(D u D 2 ) = (_i)*gft*g02+Epa»p(ft)"p(ft) c ( I ) 2)I ) 1 ) 
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for all Di,D2 G Div(X), and such that its restrictions to the subgroups 
PDiv(X) x Div(X) and Div(X) x PDiv(X) coincide, respectively, with c\ 
and C2- The homomorphism c necessarily has the form 

c{D u D 2 ) = J[c{Q u R j )^ m \ where D x = ^ mQ u D 2 = £ rrijRj, 

i,j i j 

and the constants cpg = c(P, Q) satisfy the required conditions. □ 
Remark 3.7. The family of ideles ep G Ix, P G X, has the property 

(3.12) ujpq = d(\oge P - log eg), 

and can be considered as an algebraic analog of the classical Schottky-Klein 
prime form — a special multi-valued function E(x, y) on the complex surface 
X x X with a single simple pole along the diagonal A, which satisfies (3.12). 
We refer to [Fay73, Mum07] for the analytic definition of E(x,y), and to 
[Rai89] for the algebraic definition. In the complex analytic case, 

(3.13) lo b = d x d y log E(x,y) 

is the so-called Bergmann kernel — a symmetric bidifferential on X x X with 
a single second-order pole on the diagonal A with the biresidue 1 and zero 
a-periods. As in [BR96], one can show that there is an algebraic analog of the 
Bergmann kernel for the algebraic curve X. It would be also interesting to 
introduce an analog of the Schottky-Klein prime form starting from (3.13). 
This approach would require using Parshin's adeles [Par 76] for the algebraic 
surface X x X, and is beyond the scope of this paper. 

Remark 3.8. In the genus zero case X = Pi, F = k(z), and the family of 
ideles ep G Jx is given explicitly by 

'z-PeFdF Q = k{(z - Q)) for P, Q £ k, 

1 - z- x P G F C Foo = k{(z- x )) for P G k, Q = oo, 

1 G F C F Q = k((z - Q)) for P = oo, Q G k, 

^z~ l G F C Foo = k((z~ 1 )) for P = Q = oo. 

Correspondingly, cp^q = Q — P for P,Q G k, P ^ Q, c^p = — cp >00 = 1 for 
P £ k, and cpp = 1 for all P G k U {oo}. 

Similar to the previous section, we define algebraic analogs of multiplica- 
tive multi-valued functions on a compact Riemann surface (see, e.g., [Iwa93, 
Ch. 5, §2] and [Kra72, Ch. VI, §4]) as follows. 

Definition. A group of "multiplicative multi-valued functions on X" (mul- 
tiplicative functions for brevity) is a sugroup Ai(X) C Jx with the following 
properties. 
MF1 F* CM(X). 

MF2 For every m G M(X), — = u G OL, (and hence u G f)( 3rd )). 

m ' 

dm df 

MF3 If m G MiX) and / G F* satisfy = then m = cf,c£ k*. 

m f 



e P,Q 
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Example 3.2. Let D = P\ + • ■ ■ + P g be a non-special divisor with distinct 
points, and let A(X, D) be the corresponding space of additive functions 
compatible with the multiplicative group F* . We define the associated group 
of multiplicative functions A4(X, D) as the subgroup of generated by the 
ideles 

f PQ = —, P + Q^X. 

e Q 

Properties MF1-MF3 immediately follow from our definition of the family 
ep £ Jx, P £ X. The mapping 

n n 

Div pO 3D = - Ri) ^ m D = \\f QlRl G M{X,D) 

i=l i=l 

establishes the group isomorphism Divo(-^) — A4(X, D)/k* . It follows from 
the Riemann-Roch theorem that every D € Divo(^) can be represented as 

a 

D = (f) + ^2(Q l -P t ), f€F, 
i=i 

and such representation is unique if and only if the divisor Q\ + ■ ■ ■ + Q g is 
non-special. Thus for every m = cmp> £ M(X, D) we have the decomposi- 
tion m = cfX[ 9 i=l f QtPi . 

Remark 3.9. In the genus zero case fpQ € F = k(z) are given explicitly by 



fpQ 



z-P 



z-Q 
For every P £ X put 



for P,Q£k, f PQ 



z-Q 



for P = oo, Q € k. 



F p = A P (X,D)\ P cFp, 



and let vfp \ n £ N, be the basis in p C Fp dual to the basis = rfp^ 
in Fp with respect to the pairing c : p <8> Fp — > k given by 

c(u,v) = —Kesp(udv). 

Lemma 3.4. Multiplicative functions Jpq = {fpQ,R\Rex € A4(X,D) in 
Example 3.2 are given by 



fpQ,R 



ep(R) 
e Q (R) 

ep(P) 
e Q (P) 

e P (Q) 
e Q (Q) 



exp<j^^(#(g)-#(P))|> if R^P,Q, 



(n), 



.n=l 



,n=l 



if R = P, 
if R = Q. 



n=l 



Here for R / P we put T] R ' (P) = r] R ' | mod p G k, etc. 
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Proof. Let r be the prime ideal of the valuation ring Or. For R ^ P, Q we 
have 

, ep(R) (™) r- 

JPQ,R = — 775T exp g R , where g R = > a n ^ € r. 

It follows from (3.6) that 

= ( uj r\ uj pq) x = Res R (r]P dg R ) + Res P (r]P uj pq ) + ResQ (77^ o>pq) 
and 

a« = c(g R ,rjP) = - Res R (g R drjg ) = Res R (r]^ dg R ) = -r?^ ) (P)+r/^ ) (Q). 

For R = P we have 

^ ep(P) (n) 

/PQ,P = — TpT tp exp #p, where g P = ^ a n u p G p. 

^ ' n=l 

It follows from (3.6), and condition that the constant term in the expansion 

(ri) 

of r/p at P with respect to is zero, that 

= (lo { p\u)pq)x = Resp ( r ?p ) ^-) + Res P (n^ dg P ) + Resg^Wg) 

= -Resp(op^ n) )-??p n) (Q), 
which gives a n = rjp'\Q)- The case P = Q is considered similarly. □ 

Remark 3.10. In the genus zero case F = k(z) and Up' = — (z — P) n for 

Proposition 3.3. Let D) C Sx be the group of multiplicative func- 

tions, defined in Example 3.2. The restriction of the global tame symbol tx 
to M(X, D) x M(X, D) is the identity map. 

Proof. It is sufficient to show that r(fpQ,f R s) = 1 for all P,Q,R,S G X 
such that P ^ Q and R ^ S. Indeed, when all points P, Q, R, S are distinct, 
we have 

Tx(fpQ, fas) = Tp(fpQ, f R s)TQ(fpQ, f R s)r R (fpQ, f R s)rs(fpQ, f R s) 

fRs(Q)fp Q (R) = 
f R s(P)fp Q (S) 

as in the proof of Lemma 3.3. Similarly, 

1~x(fPQ, f'Ps) = Tp(fpQ, fps)TQ(fpQ, fps)T~s(fpQ, fps) 

= _fpQfp\fps(Q)_ 
fps fpc}(S) 
es(P)e P (Q)e Q (S) 4 _ 
e Q (P)es(Q)e P (S) { ) 
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since ep(Q) = —eQ(P) for all P ^ Q. Finally, 

Tx(fPQ,fPQ) = Tp(f P Q, fpQ)T Q (f P Q, f PQ ) = (-1) 2 = 1. □ 

Remark 3.11. Proposition 3.3 can be considered as generalized A. Weil reci- 
procity law for multiplicative functions. 

4. Local Theory 

Let K be a complete closed field — a complete discrete valuation field 
with the valuation ring Ok, the maximal ideal p, and the algebraically closed 
residue field k = Ok/P- Every choice of the uniformizer defines an isomor- 
phism K ~ k((t)), so that K can be interpreted as a "geometric loop alge- 
bra" over the field k. The field K = Fp, where P is a point on an algebraic 
curve X over k, will be our main example. 

In this section we introduce infinite-dimensional algebras and groups nat- 
urally associated with the field K, and construct their highest weight mod- 
ules. For the case K = Fp these objects would define local quantum field 
theories at P € X. Specifically we consider the following local QFT's. 

1. "QFT of additive bosons", which corresponds to the Heisenberg Lie 
algebra q — a one-dimensional central extension of the geometric 
loop algebra gh(K) = K. 

2. "QFT of lattice bosons" , which corresponds to the lattice Lie algebra 
I associated with the Heisenberg Lie algebra and the lattice Z. 

3. "QFT of multiplicative bosons" , which corresponds to the pair (G, q) , 
where G is a central extension of the abelian group GLi(K) = K* 
by the tame symbol. 

4.1. The Heisenberg algebra. Let Q l K /k be the K- module of Kahler dif- 
ferentials, and let Q K , k = ^x/fc/Q, where Q = n„>o p n d(0) (see Section 
2.2). The abelian Lie algebra qI\(K) = K over the field k is equipped with 
the bilinear, skew-symmetric form c : h?K — > k, 

c(f,g) = -Res(fdg), f,g€K, 

where dg £ ^K/k m Bilinear form c is continuous with respect to the p- 
adic topology in K and the discrete topology in k, i.e., c 6 H^(K,k) ~ 
Hom c (A 2 -fr, k) — the group of continuous 2-cocycles of K with values in k. 

Definition. The Heisenberg Lie algebra is a one-dimensional central ex- 
tension of K 

O^k-C ^0^ K ^0 

with the 2-cocycle c. 

Denoting by [ , ] the Lie bracket in = K k ■ C, we get 
[/ + aC, g + bC] =c(f,g)C, f,gEK, a,b G k. 
The Lie subalgebra 0+ = Ok © k ■ C is a maximal abelian subalgebra in 0. 
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Remark 4.1. Let Aut O = {u £ O : v(u) = 1} be the group of continuous 
automorphisms of the valuation ring O = k[[i\] (see [FBZ04]). It is easy to 
show that every continuous linear map I : k((t))fS>kk((t)) — > k which satisfies 

Kf °u,gou) = l(f,g) 

for all f,g G k((t)) and it G Aut 0, is a constant multiple of the map c. 
This clarifies the natural role of the 2-cocycle c of K. In particular, every 
Aut O-invariant bilinear form / is necessarily skew-symmetric, which can be 
considered as a simple algebraic version of the "spin-statistics theorem". 

Definition. A g-module is a fc-vector V, with a discrete topology, equipped 
with a /c-algebra homomorphism p : g — > Endy such that the g-action on 
V is continuous, and p(C) = I — the identity endomorphism of V. 

Equivalently, for every v € V there exists a open subspace U in K, com- 
mensurable with p, that annihilate v : p{U) v = 0. Setting / = p(f) 6 End^ 
for every f £ K, we get 

[f,g] = c(f,g)I 
— projective representation of the abelian Lie algebra K. 

Remark 4.2. Every choice of the uniformizer defines an isomorphism K ~ 
k((t)) and a basis basis {t n } ne z for If. Denoting a n = yo(t n ) and using 
c(t m ,t n ) — Tiidm^—n-) get commutation relations of the "oscillator algebra" 

[at m ,at n ] = mS m - n I, 

that characterizes free bosons in two-dimensional QFT. 

Definition. The highest weight module for the Heisenberg Lie algebra q is 
an irreducible g-module with the vector 1 € V annihilated by the abelian 
subalgebra O k © {0}. 

The following result is well-known (see, e.g., [Kac90, Lemma 9.13]). 

Theorem 4.1. All irreducible highest weight modules for the Heisenberg Lie 
algebra g are the trivial one- dimensional module k = k ■ 1 with the highest 
vector 1 = 1 G k, and the Fock module 

& = IndS + k, 

induced from the one- dimensional Q+-module k. 

Remark 4.3. Let Uq be the universal enveloping algebra of the Lie algebra 
g. By definition, 

& = Ug <S) k, 

where Uq is considered as the right C/g+-module. Equivalently, 

where W is the Weyl algebra of g — a quotient of Uq by the ideal generated 
by C — 1, where 1 now stands for the unit in Uq, and 3> is the left ideal in 
W generated by O k © {0}. 
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Explicit realization of the Fock module & — "the bosonic Fock space" - 
depends on the decomposition of K into a direct sum of isotropic subspaces 
with respect to the bilinear form c, 

(4.1) K = K+®K„, 

where the subspace K + = Ok is defined canonically. In this case 

& ~ Sym* 

- the symmetric algebra of the k- vector space The Fock space & is a 
Z-graded commutative algebra 

oo 
n=0 

where J^ n ) ~ Sym n K_, J^°) = k • 1, and J^ n ) = {0} for n < 0. For every 
/ = /+ + /_ £ -K" the operator / = G End j?' is defined by 

fc fe 

(4.2) /. U = /_ 0U + ^ c (/, ^) = /_ © „ - Res (/+ dvi) v\ 

i=l i=l 

where u = «i • • • vt G ^ fc ) and v i = v x • • • Vi • • • Vk G , i = 

1, . . . , k, and denotes for the multiplication in Sym* K-, the symmetric 
tensor product. In particular, 

/! = /- 

The Fock module & is equipped with the linear topology given by the 
filtration associated with the Z-grading, which does not depend on the de- 
composition (4.1). 

Remark 4.4. Every choice of the uniformizer defines the isomorphism K ~ 
k((t)), and one can choose K- = t k[t -1 ]. The mapping 

B v = t -mi ... t~ mn »X mi ... X mn G k[ Xl ,X 2 , . . .] 

establishes the isomorphism & ~ fe[xi, X2, ■ ■ ■ ] between the bosonic Fock 
space and the polynomial ring in infinitely many variables {x n } n £^. Under 
this mapping a n i— > nd/dx n , cx- n i— » a%, n > — multiplication by x n 
operators — and e*o l— > 0. 

Remark 4.5. For a general complete closed field K there is no canonical 
choice of the isotropic subspace if_ complementary to = Ok- However, 
every choice of an effective non-special divisor D = P\ + • • ■ + P g of degree g 
on an algebraic curve X and uniformizers t{ at Pj, defines the complementary 
subspaces lf_ for all fields if = Fp, P G X. Namely, let -4(X, .D) be the k- 
vector space of additive functions defined in Example 3.1, and let Ap(X, D) 
be the subspace of additive functions with the only pole at P. Set 

K_ = A P (X,D)\p C K. 
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According to part (i) of Lemma 3.1, the subspace K_ is isotropic with respect 
to the bilinear form c and decomposition (4.1) holds. The subspace K- is 

spanned by Vp^ = rjp , n G N, and dK_ = Qq(*P)\ p . 

The bilinear form c has a one-dimensional kernel k. Since Ox/k = p, 
the form c defines a non-degenerate continuous pairing c:p® K_ — > k, so 
that p = KY. = Hom(X_,fc) — the topological dual to the k- vector space 
K_. Correspondingly, topological dual to the bosonic Fock space & is the 
^-vector space J^ v = Sym* p — the completion of Sym* p with respect to 
the linear topology given by the filtration {F n Sym* p}^L > 

F n Sym'p = ©? =0 Sym* p. 

The continuous pairing ( , ) : J^~ v — > k is uniquely determined by the 
pairing between Sym* p and = Sym* K- , which is defined inductively by 

I 

(4.3) (u,v) = 6 k i'Y]c{u 1 ,Vi)(u 1 ,v' 1 ), 

i=i 

where u = u\ • • • = U\ u l G Sym fc p, and v = V\ © • • • © Vi = V{ v l G 
. The dual bosonic Fock space J^" v is the right g-module with the lowest 
weight vector l v annihilated by the subspace K_ © k. 

Explicitly, the representation p of q in & defines a contragradient repre- 
sentation p v of g in by 

(u-p y (f),v) = {u,p(f)-v), for alluGi^ v , v G 

Namely, put / = /++/_ G K, where now /+ G p and /_ G K^(Bk. It follows 
from (4.2) and (4.3) that the operator / = p v (f) G End^ v is defined by 

k k 

(4.4) U .f = f +Qu + Y^ c{ Ui , f)u* = f + u + Res U- du i>\ 

i=l i=l 

where u = U\Q- ■ -Quk G Sym fc p and u % = U\Q- ■ -QiliQ- ■ -Quk G Sym 70 " 1 p. 

4.2. The lattice algebra. Let k[Z] be the group algebra of the additive 
group Z. As a /c-vector space, k\E\ has a basis {e n } ne z, e m e n = e m+n . For 
every decomposition (4.1), define the "constant term" of / G K by /(0) = /+ 
mod p G fc, so that for / G if_ we have /(0) = 0. 

Remark 4.6. When K = Fp and if_ = Ap(A, -D)| P , /(0) is the constant 
term of the formal Laurent expansion of / G k({tp)) with respect to the 
uniformizer tp for K, defined in Section 3.1. 

Definition. A lattice algebra [ associated with the decomposition (4.1) is a 
semi-direct sum of the Heisenberg Lie algebra q and the abelian Lie algebra 
with the Lie bracket 



[f + aC + ae m ,g + bC + 0e n ] = c(f, g)C + amg(0)e m - /3n/(0)e n , 
where / + aC, g + bC G 0. 
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Corresponding irreducible highest weight module 98 for the lattice algebra 
[ is given by 

98 = k[Z] O 

where fc[Z] acts by multiplication, and 

f(e n Qv) = -nf(0)e n Qv + e n Q f -v, v G 

The module 98 — the Fock space of "charged bosons" is a Z-graded 
commutative algebra, 

98 = 98^ = k ■ e n 

The elements e n , n G Z, correspond to the shift operators e n = e n in 
where 

e(e n 0d) = e n+ i 0u, v e ^. 

Remark 4.7. Using canonical isomorphism K* /0* K ~ Z given by the valua- 
tion map v : K* — > Z, the Fock space ^ can be also defined as the space of 
all functions 

F : K*/0* K -» ^ 

with finite support. 

Remark 4.8. For every choice of the uniformizer t for K, the mapping 
98^ 9 e n t" mi • • • t~ m > ^ e n:r °z mi . . . x mi G e nx °M*i, x 2 , • • • ] 

establishes the isomorphism 98 ~ k[e x °, e~ x °, x±, x 2 , ■ ■ ■ ]■ Under this map- 
ping, a n \— > nd/dx n , a_ n i— > x n , n > 0, Qo l— ^ —d/dxQ, and e i— ► e x ° — a 
multiplication by the variable e x ° operator. 

Topological dual to 98 is the A:-vector space 9$ y = (B n <=z k-q n Q^ rV , where 
{q n }nez is the basis in k[Z] v dual to the basis {e n } ne z- The continuous 
pairing ( , ) : 93 v 98 — ► k is given by 

(q m Qu,e n Qv) = (u,v)5 mn , u G J^ v , u G J^". 

As in the case of the Heisenberg algebra, the representation p of [ in 98 
defines the contragradient representation p v in 98^ . The dual Fock space 
98 y is a right [-module with the lowest weight vector l v annihilated by K-. 

4.3. The Heisenberg system. The tame symbol for a complete closed 
field K is defined by the same formula as in Section 2.4, 

in 

r(f,g) = (-l) mn ^ modpGF, 

where f,g G If* and m = v(f),n = v(g). Let G be the central extension 
of the multiplicative group K* by the tame symbol, G ~ K* x A:* with the 
group law 

(/i,«i)(/2,«2) = (fif2,T{fi,f 2 y 1 aia 2 ), 
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where /i, fa G K* and a±, a.i G fc*. The group G is a topological group with 
the topology defined by the decomposition G~Zx 0* K x k* , where k* and 
Z have discrete topology, and 0* K has p-adic topology. 

Definition. A G-module is a /c-vector space V, with the discrete topology 
and with a group homomorphism R : G — > End V 7 , such that G-action on V 
is continuous and Jf?((l, a)) = al, a G k*. 

For / G K* setting i?(/) = R((f, 1)) G EndF, we get 

R(fi)R(f2) = r(f 1 ,f 2 )R(f 1 f 2 ) 

- a projective representation of the multiplicative group K* . Continuity 
means that for every v G V there exists a open subspace U in K, commen- 
surable with p, such that U* x {1} fixes v, R(U*)v = v. 

Though the Heisenberg algebra is not a Lie algebra of the group G, 
there is an "adjoint action" of G on g, defined by 

Ad g ■ x = x + Res(fd log h) (7, 

where g = (h, a) G G, x = f + a C G Q. Following Garland and Zuckerman 
[GZ91], we call the triple (g,G, Ad) a Heisenberg system. 

Denote by G+ = 0* K x k* the maximal abelian subgroup of G. Since the 
field k has characteristic 0, we have 0* K ~ k* x expp. The representation p 
of q in J^, constructed in Section 4.1, defines a representation r of G+ in & 
by the formula 

r(g+) = Pexpp(ip) = /?exp<£>, g + = (oexp^,/?) G G+, 

where (p G p and a,/3 G fc*. Since ^ is the highest weight module with 
respect to the abelian subalgebra Ok + {0} of g, the operators r(g + ) G 
EndJ^" are well-defined. 

Definition. A representation of the Heisenberg system (G, g, Ad) in a vector 
space V is the pair (R,dR), where R : G — > EndV is a representation of 
the group G, and dR : g — » End V is a representation of the Heisenberg Lie 
algebra g, satisfying dR(Adg ■ x) = R(g)dR(x)R(g)~ 1 . 

Let i? be a representation of G induced by the representation r of the 
subgroup G+. Explicitly, the G-module Ind^ + consists of all functions 
F : G — > satisfying 

F( 5ff+ ) = r^)-^^), 5+ G G+, 5 G G, 

and such that corresponding sections over G/G+ ~ Z have finite support. 
The representation R is given by 

R(g)F(h)=F(g~ 1 h), g,heG. 

Define the representation dR of the Heisenberg Lie algebra g by 

(dR(x) ■ F)(g) = p(Ad g" 1 ■ x)(F(g)), x G g, g G G. 
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Theorem 4.2 (Garland-Zuckerman). The pair (R,dR) is a representation 
of the Heisenberg system (q,G, Ad), and 

Indg + & ~ 9B. 

Proof. See [GZ91, Sec. 3]. The isomorphism Indg + ~ ^ follows from the 
first remark in Section 4.2. □ 

Remark 4.9. Every choice of the uniformizer for K defines the group iso- 
morphism K* ~ fe((t))* = F x Z x ^MMl* Explicitly, every / G If* can be 
uniquely written in the form 

f = at n ex.pip, a e k*, (p etk[[t]]. 

In particular, when K = Fp, P € X, there is a natural choice of the uni- 
formizer t = tp associated with the choice of an effective non-special divisor 
D = Pi H \-Pg of degree g on X, uniformizers tj at Pj, and additive func- 
tions r/j (see Section 3.1). Identifying the elements e m Qv € ^ with the func- 
tions F : Z — » defined by F(n) = 5 mn v, n S Z, we obtain by a straight- 
forward computation (see [GZ91, Sec. 4]) that for / = at n exptp £ K*, 

R(f)(e m Qv) = (-l) mn a- n - 2m e m+n exp <p ■ v. 

Similarly, 

dR(f)(e m v) = -mf(Q)e m Qv + e m / • v, 
where now f £ K. 

As in the case of the lattice algebra, the representation (R, dR) in 99 
defines the contragradient representation (i? v ,<iR v ) in the dual Fock space 
9% y . In particular, 

{q m u)R V (f) = ^-l)i.m-n)n a n-2m q m-n n . exp ^ / = a t n exp tp G K* . 

5. Global Theory 

Here for an algebraic curve X over algebraically closed field k of character- 
istic zero we define global versions of local QFT's introduced in the previous 
section. Succinctly, these global QFT's can be characterized as follows. 

1. "QFT of additive bosons on X" , which corresponds to the global 
Heisenberg algebra Qx — the restricted direct sum of local Heisen- 
berg algebras qp over all points P £ X. The global Fock space &x 
is defined as the restricted symmetric tensor product of local Fock 
spaces .jfip over all points P € X. The global Fock space &x is 
the highest weight gx- m odule, and there exists a linear functional 
( • ) : &x ~~ * k — "the expectation value" functional, uniquely char- 
acterized by its normalization and the invariance property with re- 
spect to the space of additive functions. 
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2. "QFT of charged bosons on X", which corresponds to global lattice 
algebra lx- The global charged Fock space ,%x is the highest weight 
Lx-module, and there exists a unique expectation value functional 
( • ) : SSx k with similar properties. 

3. "QFT of multiplicative bosons on X", which corresponds to the 
action of the global Heisenberg system (Gx,0x 5 Ad) on 3$x with 
the property that the expectation value functional is invariant under 
the group of multiplicative functions. The latter is equivalent to the 
generalized A. Weil reciprocity law on algebraic curves. 

5.1. Additive bosons on X. The theory consists of the following data. 

AB1 Non-special effective divisor D ns = Pi + • • • + P g of degree g on X 
with distinct points, uniformizers t{ at Pj, and the /c- vector space of 
additive functions A(X, D ns ) — a subspace of Ax containing F = 
k(X), introduced in Example 3.1. 

AB2 Local QFT's of additive bosons — highest weight gp-modules &p 
for all points P G X. 

AB3 Global Heisenberg algebra Qx — a one-dimensional central exten- 
sion of the abelian Lie algebra gti(Ax) = Ax by the cocycle cx = 
Ep G x °p- 

AB4 The highest weight gx- m odule — the global Fock space J^x — a 
restricted symmetric tensor product of J^p over all points P G X. 

AB5 The expectation value functional — the linear mapping ( ■ ) : J^x 
k, satisfying the following properties: 

(i) (lx) = 1, where lx G &x is the highest weight vector. 

(ii) (a • v) = for all a € A(X, D ns ) and v G &x- 

Parts AB1 and AB2 of the theory have been described in Sections 3.1 
and 4.1. Here we introduce the global Heisenberg algebra Qx, construct the 
corresponding global Fock space &x, and prove that the expectation value 
functional ( • ) satisfying properties (i) and (ii) exists and is unique. 

Let cx '■ Ax x Ax — > k be the global bilinear form, 

cx(x,y) = ^2 c p{ x PiVp) = - ^ Resp(xpdyp), x,y G Ax- 
Pex Pex 

Definition. The global Heisenberg Lie algebra Qx is a one-dimensional 
central extension of the abelian Lie algebra Ax 

O^kC^gx ^Ax ^0 

by the two-cocycle cx- 

The Lie subalgebra gj^ = Ox © kC, where Ox = Ilpgx ®Pi i s the maximal 
abelian subalgebra of gx- 

Definition. The global Fock space #x is the irreducible 0x- m odule with 
the vector lx annihilated by the abelian subalgebra Ox © {0}. 
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As in the local case, the global Fock module is induced from the one- 
dimensional gj^-module, 

&x = Ind s f k. 

According to the previous section, for K = Fp, P G X, we have a decom- 
position (4.1), where F p +) = O p and F { f ] = A P (X,D)\ P . This gives the 
following decomposition of the /s-vector space Ax into the direct sum of the 
isotropic subspaces with respect to the bilinear form cx, 

(5.1) kx = Ox®F ( x\ 

where 

= H 4"' 

Pex 

- a restricted direct product over all P G X with respect to the zero 
subspaces {0} C F p \ The decomposition (5.1) gives rise to the isomorphism 

J^~Sym'^-). 

The global Fock space &x carries a linear topology given by the natural 
filtration associated with the Z-grading. 

Equivalently, &x can be defined as the symmetric tensor product 

&x = &p, 
Pex 

restricted with respect to the vectors lp G #p, equipped with the product 
topology. In other words, lx = 0Pexlp, and &x is spanned by the vectors 

v = Vp, 
Pex 

where vp = lp for all but finitely many For every P G X we have 

v = vp v p , where v p = Qq^xvq, vq = vq for Q ^ P and vp = lp. 
Denote by pp corresponding representation of Qp in &p, P G X, and by 
p — the representation of Qx in Setting x = p(x) G EndJ^x for 

x = {xp}p e x G Ax, we have for u = Qp & xvp, 

x ■ v = xp ■ vp Q v P , 

where £Ep = pp{xp) G End J^p. 
Set 

Topological dual to the global Fock space &x is the fc-vector space ^ x = 
Sym* *Px — the completion of Sym* tyx with respect to the linear topology 
given by the natural filtration associated with the Z-grading. The dual global 
Fock space & x is the right gx- m odule with a lowest weight vector l x 

annihilated by the abelian subalgebra T x ^ © {0}. Equivalently, 



Pex 
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— the completion of the symmetric tensor product restricted with respect to 
the vectors l p . The completion is taken with respect to the double filtration 

{F mn Sym'^x}, 

m In 

F mn Sjm t ^ x = Y J Y, Sym' 1 Pl ■ ■ ■ Sym'* p< 

i=o p lr ..,Piex \h+-+ii=o 

In other words, the elements of ^ x are infinite sums 

oo 

U = Yl a P 1 ..Pn U P l --Pn' 

n=0 P l ,...,P n eX 

where u Pl ,„ Pn G J^~ v p 1 ...p n — a completion of the symmetric tensor product 

$\...p n = n^---®n n 

with respect to the filtration 

m 

F m ^...P n = (Synr* 1 pi • ■ • Sym<« p ? 

h+-+ln=0 

Denote by {itp^jneN the basis for p dual to the basis |i>p^ = rjp^ j 



Pi n£N 

for Fp ^ with respect to the pairing given by cp (see Section 4.1). Then we 
obtain that ^ x is a completion of fc[[«p]] — the ring of formal Taylor series 

in infinitely many variables Up ^ , P G X, n G N. This realization of ^ x is 
used to prove the following main result for the QFT of additive bosons. 

Theorem 5.1. There exists a unique linear functional (•} : &x —> k — the 

expectation value functional — satisfying the following properties. 

EV1 (l x ) = 1. 

EV2 (a ■ v) = for all a G A(X, D ns ) and v G & X - 
The functional { ■ ) has the form 

(v) = (Q x ,v) , 

where 

rt J ^ \ ^ \ (mn) (m) (n) I ^ 

[ m,n=l P,QeX J 

and 

4? = -ResQ^jT^r?^). 

Proof. It follows from decomposition (3.5) that the linear functional (u) = 
(fi, v) verifies properties EV1 and EV2 if and only if it is normalized, 
(fi, lx) = 1, and fi G & x satisfies the equations 

(5.2) n-riP =0 
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for all P G X and n G N, where r/^ = p v (r] ( p ) ). Let 7/ J = /jj^ + j ( p\ 
where = {/?pq}qgx, 7p } = {7pq}q€X G Ax are given by 



4'S = 1 ,w 



if Q = P, 
if Q + P, 



and 



(n) _ I ^p 



7pq 



if Q = P, 
ifQ^P. 

It follows from (4.4) that 7p™^ acts on & x as a differentiation with respect 
to the variable Up . For Q/Pwe have 

oo 

a(n) _ An) , M (m) 

^PQ ~~ "PQ /_> PQ Q ' 
m=l 

where apg G k and 



Since cpp = (see Lemma 3.1) we conclude that (3^ acts on as a 
multiplication by X^Qex c ^pq^ u q '• The equations (5.2) can be rewritten as 

(5.3) (^+E c p n Q% m) )^ = ' P £ X, n G N. 

As it follows from part (i) of Lemma 3.1, 

(mn) _ (nro) 
C PQ ~~ C QP ' 

so that the system of differential equations (5.3) is compatible and £lx is its 
unique normalized solution. □ 

5.2. Charged additive bosons on X. The theory consists of the following 
data. 

CB1 Non-special effective divisor Z) ns = P± + ■ ■ ■ + P g of degree g on X 
with distinct points, uniformizers at Pj, and the k- vector space 
of additive functions A(X, D ns ) , a subspace of containing F = 
k(X), introduced in Example 3.1. 

CB2 Local QFT's of charged additive bosons — highest weight [p-modules 
3) P for all points P G X. 

CB3 Global lattice algebra \x — the semi-direct sum of the global Heisen- 
berg algebra Qx and the abelian Lie algebra fc[Divo(X)] with gener- 
ators e£>, D G DivoPO — the group algebra of the additive group 
Divo(X) of degree divisors on X. 
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CB4 The highest weight lx -module — the global Fock space SSx with the 

highest weight vector lx G £$x- 
CB5 The expectation value functional — the linear mapping ( ■ ) : £$x —* 

k, satisfying the following properties: 

(i) (e D ■ l x ) = 1 for all D G T>iv (X). 

(ii) (a ■ u) = for all a G A(X, D QS ) and u G SBx- 

As a fc-vector space, the group algebra fc[Divo(X)] of the additive group 
Divo(X) of degree divisors on X has a basis {eD}D£Div (x), &D 1 eD 2 = 
e D 1 +D 2 - For every x = {xp} G Ax and D = Ylpex n P P ^ Divo(^T) we put 

x(D) = ^ n P x P (0) G k, 
PeX 

where xp(0) = ip mod p G k is the constant term of xp G -Fp, defined 
by the decomposition (4.1) associated with the non-special divisor D ns (see 
Section 4.2). 

Definition. The global lattice algebra lx is a semi-direct sum of the global 
Heisenberg algebra Qx and the abelian Lie algebra /c[Divo(^)] with the Lie 
bracket 

[x + aC + je Dl ,y + (3C + 5e D2 ] = c x (x,y)C + y(D 1 )je Dl - x(D 2 )5e D2 , 

where x + aC, y + (3C G Qx, 7, <5 G /c. 

The global Fock space is a symmetric tensor product of the group 
algebra fc[Divo(X)] and the Fock space of additive bosons ^x, 

<%x = k\Div (X)] ®&x= 

DeDiv ( ,(A) 

where 

@x = k-e D Q^ X - 
The global Fock space S$x is the irreducible lx-module, where fc[Divo(X)] 
acts by multiplication, 

(5.4) e Dl (e D2 Qv) = e Dl+D , 2 Qv, v G & x 
and 

(5.5) x(eo Q v) = -x(D)cd Q v + en Q x ■ v, v G ^x- 

For every Z) = J^Pex n P P £ Divo(X) the subspace is the irreducible 
gx-module. It has the property that for x = {xp}p e x G Ax such that 
xp G k for all P £ X, the restriction of the operator x to the subspace 
is equal to —x(D)I, where / is the identity operator. In particular, when 
x = c is a constant, x(D) = cdegD = 0, and x acts by zero in S§x- 

Remark 5.1. One can also define the extended global lattice algebra lx as 
a semi-direct sum of the global Heisenberg algebra Qx and the abelian Lie 
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algebra fc[Div(Jf)], as well as its irreducible module — the extended Fock 
space 

®x = k[DW(X)] Q^ x = 39%. 

DeDiv(X) 

The action of lx in 3§x is given by as the same formulas (5.4)-(5.5), where 
now the constant adele x = c acts in 33® by (cdegD)I. 

The dual Fock space 33 x is defined as a completion of the direct sum of 
the dual spaces to 33% over D G Divo(X), given by the formal infinite sums. 
Explicitly, 



where 



®x = a%(D), 

DGDivo(X) 
33 x (D) = k-q D QJ? x , 



q D G A;[Divo(X)] v are dual to er>, and & x was defined in Section 5.1. 

Theorem 5.2. There exists a unique linear functional ( • ) : 3B X — ► k 
the expectation value functional — satisfying the following properties: 

EV1 (e D ■ lx) = 1 for all D G Div (X). 

EV2 (a ■ v) = /or a// a G >4(X, L> ns ) and v £ 3§ X - 

The functional ( ■ ) has the form 

(v) = (&x,v), 

where 



DeDiv (X) ln=lPeX J 

and fix is given in Theorem 5.1. 

Proof. As in the proof of Theorem 5.1, put 

DeDivo(X) 

Condition (fl,eo lx) = 1 for all D G Y)'wq{X) is equivalent to the nor- 
malization (TId, lx) = 1- The constants act by zero in 3§x, so it is sufficient 
to verify the equations 

(5.6) (q D Q D ) ■ V P = 

for all D = J2q<=x u qQ e Divo(-X") and Since 



D (n) (™)/r->\ D \ ^ (n) / n \ 

Q -V P = -Vp (D)q u = - 2^ n Q ^p (°) ' 

QeX 



73 
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(note that, by definition in Section 4.2, rfp (0) = 0), we get from (5.6) 
that £lp> satisfies the following system of differential equations 

^ An) /n \ , J nm )„,M 



E n Q iP n (0) + E PQ Q 



B in) '"V ^ 

au P QdX ^ QeX 

which has a unique normalized solution given by 



= exp < 



oo ^ oo 

EEi?W L E E 4 m Q re) 4 m) ^ n) > 

n=l PgX m,n=l P,Q<EX 



5.3. Multiplicative bosons on X. The theory consists of the following 
data. 

MB1 Non-special effective divisor D ns = Pi + • • • + P g of degree j on 1 
with distinct points, uniformizers ij at Pj, and the group of mul- 
tiplicative functions M.(X,D) C Jx associated with the fc-vector 
space of additive functions A(X,D ns ), introduced in Example 3.2. 

MB2 Local QFT's of multiplicative bosons — representations (Rp,dRp) 
in S$p of the local Heisenberg systems (Gp,Qp, Ad) for all points 
P ex. 

MB3 The global group — a one-dimensional central extension of the 

subgroup 3 X of degree zero ideles by the global tame symbol tx ~ 

and the global Heisenberg system (G x ,Qx, Ad). 
MB4 The representation {Rx , dRx ) of the global Heisenberg system in 

the global Fock space £$x- 
MB5 The expectation value functional — the linear mapping ( • ) : S$x —* 

k, satisfying the following properties: 

(i) (Ijc) = 1. 

(ii) (x ■ v) = for all x G A(X, D ns ) and v € SBx- 
(iii) (m ■ v) = (v) for all m £ M(X, D ns ) and v G J?x- 

Parts MB1 and MB2 were described in Sections 3.1 and 4.3. 

Definition. The global group Gx is a central extension of the group of 
ideles Jx by the global tame symbol tx — Gx — §x x k* — with the group 
law 

(a, a)(b, (3) = (ab, Tx(a, b)~ l af3), a, b 6 Jx, a,@Ek*, 

where 

T X (a,b) = ] [ T P (a P ,bp). 
Pex 

The "adjoint action" of the global group Gx on the global Heisenberg 
algebra gx is defined by 

Ad g ■ x = x + ^2 Resp (xpd log ap)C, 
Pex 
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where g = ({ap}p e x, a) G Gx, x = x + 7C 6 gx and cc = {xp}p e x G Ax- 
The triple (Gx, 0A, Ad) is called the global Heisenberg system. By definition, 
representation (Rx,dRx) of the global Heisenberg system (Gx,0x,Ad) 
is a pair (Rx,dRx), where R is a representation of the group Gx, and 
dRx is a representation the Lie algebra 53 x satisfying dRx (Ad g ■ x) = 
R{g)dR x {x)R(g). 

As in the local case (see Section 4.3), representation (Rx,dRx) of the 
global Heisenberg system (Gx,£lx,Ad) is induced by representation of the 
abelian subgroup G x = Yipex ®p x Namely, every g + G G x can be 
written as 

9+ = ({apexpv? P } Pg x,/3), 

where ap,(3 G k* , 99 p G p for all P G X, and we define a representation rx 
of G+ in & x by 

r x (g+) = f3expp(p) = f3exp(f, tp = {(p P } P€X G End Jx- 



Explicitly, 



exp(^-f = exp^p-vp, f = vp G J^x- 
PGA PeA 



As in Section 4.3, the operators r(g + ) G EndJ^x are well-defined since 
■ all 

F : Gx — * &x satisfying 



G 

p>p G p for all P G X. The Gx-module Ind + J^x consists of all functions 



F(gg + ) = rx{g + r l F{g), g + G G+, g G Gx 

and such that corresponding sections over Gx/G x — Div(X) have finite 
support. The representation Rx is given by 

Rx(g)F(h) = F(g- l h), g,heG x , 

and the corresponding representation dRx of the global Heisenberg algebra 
Qx is given by 

(dR x {x)F){g) = p(Ad g- 1 ■ x)(F(g)), x G Qx, 9 £ G x . 

We summarize these results as the global analog of Theorem 4.2. 

Theorem 5.3. The pair (Rx,dRx) is a representation of the global Heisen- 
berg system (Gx,0x,Ad), and 

Incfe 3^x — S$x- 

Explicit construction of the representations Rx and dRx is the following. 
We identify the elements ep,Qv G S$x with the functions F : Div(X) — ► J^x 
defined by 

F(B<) = {"' ifD ' = D ' 
0, otherwise 
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and using the uniformizers tp, introduced in Section 3.1, represent every 
idele a = {ap}p^x € Ix as 

a = ^apt p p<yap ^ exp ^p}^ ^ where ap € k* , ipp € p. 

Then the representation Rx is defined by 

a-(e D Qv) = R x ({a, l))(e D Q v) 

(5.7) =(-l)Ep««p(fl.WD) JJ a-^ (Da) - 2 ^ (D) eD+Da 0exp^.t;, 

PeX 

where we put D a = J^p e Y y p{ a p) ' P € Div(X). In particular, when a = a 
is a constant idele, than the restriction of Rx{ot) to the subspace 33 x is 
a~ 2dcgD I. Similarly, the representation dRx is given by 

dRx(x)(eD Qv) = —x{D)eo Q v + eo Q x ■ v, x E Ax- 
Let Jj = {a £ Jx : degD a = 0} be the subgroup of degree ideles, and 
let G x = S x x k* be the corresponding subgroup of Gx- In particular, the 
group of multiplicative functions M(X,D ns ), defined in Example 3.2, is a 
subgroup of JJy. Restriction of the representation Rx to G x preserves the 
subspace £$x of 3&x, and for a € I x the restriction of Rx((a, 1)) to is 
given by the same formula (5.7). In particular, constant ideles a = a act by 
identity in 3$x- From now on we will consider only this representation of 
G x in 8§Xi and will continue to denote it by Rx- 

Denote by R x the contragradient representation of G x in B§ x . We get 
from (5.7), 

(q D Qu)-a = ((q D Qu).R x ((a,l)) 

(5. 8) = (_i)Ep e *MA,)M^) Y[ a p p{Da) - 2vp(D) q D - D «Qu-exp<p, 

Pex 

where we have used that ^2p eX vp(D) 2 = Omod 2 when deg-D = 0. 

Theorem 5.4. There exists a unique linear functional ( • ) : 3$x — > k - 
the expectation value functional — satisfying the following properties: 

EV1 (l x ) = 1. 

EV2 (x ■ v) = for all x & A(X, Ais) and v € 3$x- 
EV3 (m-v) = (v) for all m 6 M(X, D m ) and weft. 
It has the form 

where 

Qx= £ c(D) q D exp Jf) £ ^(D)«? } € 

Here 

c(D)= n c(P,Q)^( D ^( D ), Z?€Div (X), 

P.QeX 
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where c(P,Q) = cp^q € k* are given in Proposition 3.2, and Six — i n 
Theorem 5.1. 

Proof. It follows from the proof of Theorem 5.2 that conditions EV1-EV2 
ensure that fix has the form given above with some coefficients c{D) € k* . 
Since the constants act by identity in 33 Xi it is sufficient to verify condition 
EV3 for basic multiplicative functions m = fp.Q- As in the proof of Theorem 
5.2, we put 



^ = exp^£^^ ) ( J D)n^^x, 

,n=l R£X 



so that 



n x = V c(D) q D on D . 



DeDivo(X) 

Using Lemma 3.4 and (5.8), we obtain the following formula for the action 
of faq = R x Up,q) on q D QQ D , 

(q D Sl D ) ■ f P , Q = h(P, Q; D) q D +Q- p © ft D+ Q-P, 

where 

-2v R (D) c( p )P)c( g )Q) 



h(P,Q;D) = (-1)MD)+, Q (D) "Q (4gm 



c(P,Q)c(Q,PY 



R&x 

Now the equations 

«x • fp,Q = fix for all P,Q E X, P + Q 
are equivalent to the equations 

(5.9) c(D + Q - P) = h{P, Q; D)c{D) for all D € Div (X). 

It is easy to see, using the property c(P, Q) = —c(Q, P) for P ^ Q, that 
unique solution of recurrence relations (5.9) satisfying c(0) = 1 is given by 



c(D) = ] [ c{Ri,Rj) n ^, where D = J2 n i R i G Div o(A). □ 

i,j = l i=l 

Remark 5.2. All results of this section trivially hold for the case when X has 
genus 0. Using Remarks 3.6, 3.8 and 3.10, one gets explicit elementary for- 
mulas for the expectation value functional ( • ) for the quantum field theories 
of additive, charged, and multiplicative bosons on P^. 
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